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Abstract
The three dimensional superintegrable systems with quadratic integrals of motion
have five functionally independent integrals, one among them is the Hamiltonian.
Kalnins, Kress and Miller have proved that in the case of non degenerate potentials
there is a sixth quadratic integral, which is linearly independent of the other integrals.
The existence of this sixth integral imply that the integrals of motion form a ternary
parafermionic-like quadratic Poisson algebra with five generators. We show that in
all the non degenerate cases (with one exception) there are at least two subalgebras
of three integrals having a Poisson quadratic algebra structure, which is similar to
the two dimensional case.
1 Introduction
In classical mechanics, a superintegrable or completely integrable is a Hamiltonian system
with a maximum number of integrals. Two well known examples are the harmonic oscillator
and the Coulomb potential. In the N -dimensional space the superintegrable system has
2N − 1 integrals, one among them is the Hamiltonian.
A compilation of the known three dimensional superintegrable potentials with quadratic
integrals and their integrals with quadratic integrals of motion can be found in [2]. Kalnins,
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Kress and Miller[1, 3] studying the Darboux equations in three dimensions have clas-
sified the complex systems. In fact Kalnins, Kress and Miller studied non degenerate
potentials (depending on 4 parameters)[1] and the degenerate potentials (depending on 3
parameters)[3]. The real systems, i.e the systems possessing a real potential can be found
in the Evans seminal paper [2]. One of the results of the paper [1] is the so called ”5 to 6”
Theorem, which states that any three dimensional non degenarate superintegrable system
with quadratic integrals of motion has always a sixth integral F that is linearly independent
but not functionally dependent regarding the set of five integrals A1, A2, B1, B2, H . This
statement leads to the result that any three dimensional superintegrable non degenarate
system form a parafermionic-like Poisson algebra of special character, whose the definition
is given in Section 2. In Section 3 we show that the special character means that the
structure of this algebra is such that contains one at least subalgebra.
The degenerate superintegrable systems lead to non linear deviations of the quadratic
algebras. Two between them are special cases of non degenerate potentials, which have
a sixth integral of motion but their algebras are not quadratic ones. The algebra of the
degenerate systems is under current investigation.
2 Parafermionic-like Poisson algebras
The Universal Enveloping Algebra U(g) of the Lie algebra g with generators x1, x2, . . . , xn
satisfy the relations
[xi, xj ] = xixj − xjxi =
∑
m
cmijxm
The generators satisfy the obvious ternary (trilinear) relations
T (xi, xj, xk)
def
≡ [xi, [xj , xk]] =
∑
n
dni;jkxn, where d
n
i;jk =
∑
m
cnimc
m
jk (1)
Generally a ternary algebra is an associative algebra A satisfying whose the generators
satisfy relations like the following one
T (xi, xj, xk) =
∑
n
dni;jkxn
where T : A⊗A⊗A −→ A is a trilinear map. If this trilinear map is defined as in eq. (1)
the corresponding algebra is an example of the triple Lie algebras, which were introduced
by Jacobson [4] in 1951. At the same time Green [5] was introduced the parafermionic
algebra as an associative algebra, whose operators f †i , fi satisfy the ternary relations:
[
fk,
[
f
†
ℓ , fm
]]
= 2δkℓfm[
fk,
[
f
†
ℓ , f
†
m
]]
= 2δkℓf
†
m − 2δkmf
†
ℓ
[ fk, [fℓ, fm]] = 0
2
We call parafermionic Poisson algebra the Poisson algebra satisfying the ternary rela-
tions: {
xi, {xj , xk}P
}
P
=
∑
m
cmi;jkxm
which is the classical Poisson analogue of the Lie triple algebra (1).
The quadratic parafermionic Poisson algebra is a Poisson algebra satisfying the rela-
tions: {
xi, {xj , xk}P
}
P
=
∑
m,n
dmni;jkxmxn +
∑
m
cmi;jkxm
A classical superintegrable system with quadratic integrals of motion on a two dimen-
sional manifold possesses has two functionally independent integrals of motion A and B,
which are in involution with the Hamiltonian H of the system:
{H, A}P = 0, {H, B}P = 0
the Poisson bracket {A, B}P is different to zero and it is generally an integral of motion
cubic in momenta, therefore it could not be in general a linear combination of the integrals
H, A, B. Generally if we the Poisson brackets of the integrals of motion {A, {A, B}P}P ,
{{A, B}P , B}P are not linear functions of the intergals of motion, therefore they don’t
close in a Lie Poisson algebra with three generators. If we consider all the nested Poisson
brackets of the integrals of motion, generally they don’t close in an Poisson Lie algebra
structure.
All the known two dimensional superintegrable systems with quadratic integrals of
motion the have a common structure [6, 7, 8, 9]:
{H, A}P = 0, {H, B}P = 0, {A, B}P 6= 0 {A,B}
2
P = 2F (A,H,B)
{A, {A,B}P }P =
∂F
∂B
, {B, {A,B}P }P = −
∂F
∂A
(2)
where F = F (A,B,H) is a cubic function of the integrals of motion
F (A,B,H) = αA3 + βB3 + γA2B + δAB2 + (ǫ0 + ǫ1H)A
2 + (ζ0 + ζ1H)B
2+
+ (η0 + η1H)AB + (θ0 + θ1H + θ2H
2)A+
+ (κ0 + κ1H + κ2H
2)B + (λ0 + λ1H + λ2H
2 + λ3H
3)
(3)
where the greek letters are constants.
Therefore any two dimensional superintegrable system correspond to some parafermionic-
like quadratic Poisson Algebra with two generators. In fact the two dimensional systems
can be classified in six classes by classifying the corresponding parafermionic-like quadratic
Poisson algebras [8]. By classifying the correponding associative algebras all the two di-
mensional superintegrable systems with quadratic integrals of motion are classified too
[9].
3
3 The structure of the Poisson algebra of three di-
mensional potentials
The known three-dimensional superintegrable systems defined on a flat space are described
by the Hamiltonian
H =
1
2
(p2x + p
2
y + p
2
z) + V (x, y, z) (4)
were initially studied by Evans [2]. Kalnins, Kress, and Miller in [1] have classified all
the three dimensional superintegrable systems with quadratic integrals of motion. These
potentials are distinguished to the non degenerate ones, which are potentials which depend
on four parameters, i.e. they are linear combination of four potedntials. The degenerate
potential depend on less than four parameters. One of the general results in [1] is the so
called ”5 to 6” theorem:
5→6 Theorem: Let V be a nondegenerate potential (depending on 4 parameters)
corresponding to a conformally flat space in 3 dimensions
ds2 = g(x, y, z)(dx2 + dy2 + dz2)
that is superintegrable and there are 5 functionally independent constants of the motion
L = {Sℓ : ℓ = 1, · · ·5} There is always a 6th quadratic integral S6 that is functionally
dependent on L, but linearly independent
By srudying all the known non degenerate potentials, we can prove the following theo-
rem:
Proposition 1 In the case of the non degenerate with quadratic integrals of motion, on
a conformally flat manifold, the integrals of motion satisfy a parafermionic-like quadratic
Poisson Algebra with 5 generators which described from the following:
{
Si, {Sj , Sk}P
}
P
=
∑
mn
d
m,n
i;jkSmSn +
∑
m
cmi;jkSm (5)
In all the three dimensional superintegrable systems with quadratic integrals with 4 or
3 parameters, the integrals of motion satisfy a ”special” form of the Poisson Parafermionic-
like algebra (5).
Proposition 2 In all the known cases (with only one exception) the non degenerate sys-
tems we can choose beyond the Hamiltonian H four functionally independent integrals
of motion A1, B1, A2, B2, and one additional quadratic integral of motion F , such that
all the integrals of motion are linearly independent. These integrals satisfy a Poisson
parafermionic-like algebra (5). The ”special” form of the algebra defined by the integrals
A1, B1, A2, B2 is characterized by two cubic functions
F1 = F1 (A1, A2, B1, H) F2 = F2 (A1, A2, B2, H)
4
and satisfy the relations:
{A1, A2}P = {A1, B2}P = {A2, B1}P = 0,
{A1, B1}
2
P = 2F1(A1, A2, H,B1) = cubic function
{A2, B2}
2
P = 2F2(A1, A2, H,B2) = cubic function
{Ai, {Ai, Bi}P}P =
∂Fi
∂Bi
, {Bi, {Ai, Bi}P}P = −
∂Fi
∂Ai
{{A1, B1}P , B2}P = {A1, {B1, B2}P}P , {{A2, B2}P , B1}P = −{A2, {B1, B2}P}P
(6)
If we put
C1 = {A1, B1}P , C2 = {A2, B2}P , D = {B1, B2}P ,
the relations (6) imply the following ones:
{C1, B2}P C1 −
∂F1
∂A2
C2 −
∂F1
∂B1
D = {C2, B1}P C2 −
∂F2
∂A1
C1 +
∂F2
∂B2
D = 0
{C1, C2}P =
∣∣∣∣∣∣∣
{A1, D}P −
∂F1
∂A2
∂F2
∂A1
{A2, D}P
∣∣∣∣∣∣∣
D
=
∣∣∣∣∣∣∣
−
∂F1
∂B1
{A1, D}P
−
∂F2
∂B2
∂F2
A1
∣∣∣∣∣∣∣
C2
=
∣∣∣∣∣∣∣
−
∂F1
∂A2
−
∂F1
∂B1
{A2, D}P −
∂F2
∂B2
∣∣∣∣∣∣∣
C1
(7)
and
{C1, C2}P =
∂F1
∂B1
∂F2
∂A1
C1 +
∂F1
∂A2
∂F2
∂B2
C2 +
∂F1
∂B1
∂F2
∂B2
D
C1C2
Schematically the structure of the above algebra is described by the following ”Π” shape
A1



___ A2



B2 B1
(8)
where with dashed line represented the vanishing of Poisson bracket whereas the other
brackets between the integrals are non vanishing Poisson brackets.
It is important to notice that the integrals A1, B1 satisfy a parafermionic-like quadratic
Poisson algebra similar to the algebra as in two dimensional case (2). The corresponding
structure function to the two dimensional one (3) can be written as:
F1(A1, B1, H,A2) = α1A
3
1 + β1B
3
1 + γ1A
2
1B1 + δA1B
2
1 + (ǫ01 + ǫ11H + ǫ21A2)A
2
1+
+ (ζ01 + ζ11H + ζ21A2)B
2
1 + (η01 + η11H + η21A2)A1B1+
+ (θ01 + θ11H + θ21H
2 + θ31A2 + θ41A
2
2 + θ51A2H)A1+
+ (κ01 + κ11H + κ21H
2 + κ31A2 + κ41A
2
2 + κ51A2H)B1+
+ λ01 + λ11H + λ21H
2 + λ31H
3 + λ41A2 + λ51A
2
2 + λ61A
3
2+
+ λ71A2H + λ81A
2
2H + λ91A2H
2
(9)
The pair A2, B2 forms also a parafermionic-like algebra with the corresponding structure
function F2(A2, B2, H,A1), which has a similar form as in (9).
5
4 Non degenerate Potentials
In this section we give explicitly the form of the quadratic algebras for the non degenerate
systems given by Kalnins, Kress and Miller (KKM)[1] and Evans (Ev) [2]. The full algebra
is given after some definitions.
• KKM Potential VI This potential which is also referred as harmonic oscillator po-
tential get six, known, linearly independent integrals H,A1, A2, B1, B2, F and studied
in [1], [2].
H = p2x + p
2
y + p
2
z + δ(x
2 + y2 + z2) +
α1
x2
+
α2
y2
+
α3
z2
A1 = p
2
x + δx
2 +
a1
x2
, A2 = p
2
z + δz
2 +
α3
z2
B1 = J
2
z + kx
2 +
α2x
2
y2
+
α1y
2
x2
, B2 = J
2
x +
α3y
2
z2
+
α2z
2
y2
and
F = J2x + J
2
y + J
2
z +
α2(x
2 + z2)
y2
+
α3x
2(x2 + y2) + α1z
2(y2 + z2)
x2z2
where,
Jx = ypz − zpy Jy = zpx − xpz Jz = xpy − ypx J
2 = J2x + J
2
y + J
2
z
The above integrals satisfy the following relations:
{A1, A2} = {A1, B2} = {A2, B1} = {B1, F} = {B2, F} = 0
This relation corresponds to a complicated diagram, having five ”Π” structures as in
(8)
A1



___ A2



B2
B
B
B
B
B1



F
(10)
The structure functions are given by the relations:
{A1, B1} = C1, {A2, B2} = C2, {B1, B2} = D, {F,A1} = L, {F,A2} = M, {F,B2} = N
C21 = 2F1, C
2
2 = 2F2, L
2 = 2F3, M
2 = 2F4, N
2 = 2F5
6
F1 = −8(A
2
1(α2 +B1) + A1B1(A2 −H) + δB
2
1 + α1((A1 + A2 −H)
2 − 4α2δ))
F2 = −8((A1 + A2 −H)(α3A1 + A2(α3 +B2)− α3H) + δB
2
2 + α2(A
2
2 − 4α3δ))
F3 = −8
(
(α2 + α3 + F )A
2
1 + (B2 − F )HA1 + (B2 − F )
2δ+
+α1 ((A1 −H)
2 − 4(α2 + α3 +B2)δ)
)
F4 = −8(α1 + α2 + α3 + F )A
2
2 + 8(2α3 − B1 + F )HA2
−8α3H
2 + 8 (−(B1 − F )
2 + 4α1α3 + 4α2α3 + 4α3B1) δ
F5 = 8 (−α2(B1 +B2 − F )
2 + α1 (4α2α3 − B
2
2)−B1(α3B1 +B2(B1 +B2 − F )))
The full algebra is given by the following relations:
{A1, {A1, B1}} =
∂F1
∂B1
= −8A1(A1 + A2 −H)− 16δB1
{A2, {A2, B2}} =
∂F2
∂B2
= −8A2(A2 + A1 −H)− 16δB2
{{A1, F}, A1} = −
∂F3
∂F
= 8A1(A1 −H)− 16δ(B2 − F )
{{A2, F}, A2} = −
∂F4
∂F
= 8A2(A2 −H)− 16δ(B1 − F )
{{A1, F}, A2} = {{A2, F}, A1} = 8A1A2 + 16δ(B1 +B2 − F )
{{A1, B1}, F} = {{A1, F}, B2} = {{A2, F}, B1} = {{B1, B2}, F} = 0
{{A2, B2}, B1} = {{B1, B2}, A2} = 8A1(B1 − F ) + 8(B1 +B2 − F )(A2 −H)
{A1, {B1, B2}} = {{A1, B1}, B2} = 8A2(B2 − F ) + 8(B1 +B2 − F )(A1 −H)
{B1, {B1, B2}} =
∂F5
∂B2
= −8(B1 + 2B2 − F + 2α2)B1 − 16(α1 + α2)B2 + 16α2F
{{B1, B2}, B2} =
∂F5
∂B1
= −8(B2 + 2B1 − F + 2α2)B2 − 16(α2 + α3)B1 + 16α2F
{{A1, F}, F} =
∂F3
∂A1
= −16α1(A1 −H)− 16(α2 + α3)A1 − 8(2A1 −H)F − 8B2H
{{A2, F}, F} =
∂F4
∂A2
= −16α3(A2 −H)− 16(α1 + α2)A2 − 8(2A2 −H)F − 8B1H
{{A1, B1}, B1} =
∂F1
∂A1
= −16α1(A1 + A2 −H)− 16α2A1 − 8(2A1 −A2)B1 + 8B1H
{{A1, B2}, B2} =
∂F2
∂A2
= −16α3(A1 + A2 −H)− 16α2A2 − 8(2A2 −A1)B2 + 8B2H
{{A1, B1}, F} = {{A1, F}, B1} = −16(α1 + α2)A1 − 16α1A2 − 8A1B1 + 8A2B2
−8F (A1 + A2 −H) + (16α1 − 8B2)H
{{A2, B2}, F} = {{A2, F}, B2} = −16A2(α2 + α3)− 16α3A1 − 8A2B2 + 8A1B1
−8F (A1 + A2 −H) + (16α3 − 8B1)H
7
The second algebra which expand in terms of C1, C2, D with coefficients any linear
combination of integrals A1, A2, B2, B2, F,H is:
{C1, C2} = −8A2C1+8A1C2+16δD, {C1, D} = 8(F−B1−B2)C1−8(2α1+B1)C2−8A1D
{C2, D} = 8(B2 + 2α3)C1 + 8(B1 +B2 − F )C2 − 8A2D
The relation between B1, B2, C1, C2,M, L, F is:
C1 + C2 +M + L = 0
• KKM Potential VII This potential get six, known, linearly independent integrals
H,A1, A2, B1, B2, F .
H = p2x + p
2
y + p
2
z + α(x
2 + y2 + z2) +
β(x− iy)
(x+ iy)3
+
γ
(x+ iy)2
+
δ
z2
A1 = p
2
z + αz
2 +
δ
z2
, A2 = J
2
z +
2ixy(γ − 2β)
(x+ iy)2
+
2γx2
(x+ iy)2
B1 = J
2+
+
z2(β(4xy(y − ix) + z2(x− iy)) + γ(x+ iy)(2x(x+ iy) + z2)) + δ(x− iy)(x+ iy)4
z2(x+ iy)3
B2 = (px + ipy)
2 + α(x+ iy)2 −
β
(x+ iy)2
, F = (Jy − iJx)
2 +
δ(x+ iy)4 − βz4
z2(x+ iy)2
The integrals of motion satisfy the relations
{A1, A2} = {A1, B2} = {A2, B1} = {B1, F} = {B2, F} = 0
The corresponding ”Π” shape diagram is the same as in (10). We can define
{A1, B1} = C1, {A2, B2} = C2, {B1, B2} = D, {F,A1} = L, {F,A2} = M, {F,B2} = N
C21 = 2F1, C
2
2 = 2F2, L
2 = 2F3, M
2 = 2F4, N
2 = 2F5
F1 = −8(α(A2 −A1)
2 + A1H(A2 − B1 − 2δ)+
+δ(H2 − 4α(A2 + β − γ)) + A
2
1(B1 + β − γ + δ))
F2 = 8(β(−B
2
2 + (A1 −H)
2 − 4αβ)−A2(B
2
2 + 4αβ) + γ(B2(B2 +H − A1) + 4αβ)− αγ
2)
F3 = 8βA
2
1 + 8B2FA1 − 8F
2α− 8B22δ − 32αβδ
F4 = 8 (βA
2
2 − (F (F + γ) + 2β(B1 + 2δ))A2 + (B1 + F )(B1β + F (γ − β))− (γ − 2β)
2δ)
F5 = −8
(
(β − γ + δ)B22 −H(F + γ)B2 + F
2α−H2β +B1 (B
2
2 + 4αβ)+
+2Fαγ + α ((γ − 2β)2 + 4βδ)
)
The full algebra is given by the following relations:
{A1, {B1, B2}} = {{A1, B1}, B2} = 8A1B2 − 16αF
8
{{A2, B2}, F} = {{A2, F}, B2} = −8B2F − 16βA1
{A1, {A1, B1}} =
∂F1
∂B1
= −8A1(A1 −H) + 16α(A2 − B1)
{{A2, F}, F} =
∂F4
∂A2
= −8F 2 + 16β(A2 −B1)− 8γF − 32βδ
{{A1, F}, A2} = {{A2, F}, A1} = 8(B1 − A2)B2 + 8(A1 −H)F
{{A2, F}, A2} = −
∂F4
∂F
= 8γ(A2 −B1) + 16A2F + 16(β − γ)F
{A2, {A2, B2}} =
∂F2
∂B2
= −16A2B2 − 16(β − γ)B2 − 8γ(A1 −H)
{{A1, B1}, F} = {{A1, F}, B1} = 8(B1 − A2 + 2δ)B2 + 8(F + γ)A1
{{A1, F}, B2} = {{B2, F}, A1} = {{B1, B2}, F} = {{A2, F}, B1} = 0
{B1, {B1, B2}} =
∂F5
∂B2
= −16(β + δ − γ)B2 + 8(F + γ)H − 16(B1 + β)B2
{{A1, B1}, B1} =
∂F1
∂A1
= −8(2A1 −H)B1 + 16(γ − β − δ)A1 + 8(2δH − A2)H
{{A1, F}, F} =
∂F3
∂A1
= 8B2F + 16βA1, {{B1, B2}, B2} =
∂F5
∂B1
= −8B22 − 32αβ
{{A2, B2}, B1} = {{B1, B2}, A2} = 8(A2 +B1 + 2(β − γ))B2 + (A1 −H)(8F + 8γ)
{{A1, F}, A1} = −
∂F3
∂F
= −8A1B2 + 16αF, {{A2, B2}, B2} =
∂F2
∂A2
= −8B22 − 32αβ
The second algebra which expand in terms of C1, C2, D with coefficients any linear
combination of integrals A1, A2, B2, B2, F,H
{C1, C2} = −8B2C1 + 8(A1 −H)C2 + 8(H −A1)D
{C1, D} = −8B2C1 − 8HC2 + 8(H −A1)D, {C2, D} = 8B2C2 − 8B2D
The relation between B1, B2, F, A2, A1, H,M,D is:
(B2 + F )C1 + (−A2 +B1 +H + 2δ)C2 + (A1 + A2 −B1 −H)D + (A1 + 2α)M = 0
• KKM Potential VIII
H = p2x + p
2
y + p
2
z + α(x
2 + y2 + z2) +
β
(x+ iy)2
+
γz
(x+ iy)3
+
δ(x2 + y2 − 3z2)
(x+ iy)4
A1 = J
2+
+ (x+iy)(β(x+iy)(2x(x+iy)+z
2)+γz(x2+y2+z2))+δ(−4ixy(x+iy)2−2z2(x2+y2)−3z4)
(x+iy)4
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A2 = (J2 − iJ1)
2 +
z(γx+ iγy − 4δz)
(x+ iy)2
, B1 = (px + ipy)
2 + α(x+ iy)2 −
δ
(x+ iy)2
B2 = J3(J2−iJ1)+
(x+ iy)(−4βz(x+ iy) + γ(2x(x+ iy)− 3z2))− 8δz(x2 + y2 − z2)
4(x+ iy)3
F = pz(px + ipy) +
4αz(x+ iy)4 − γ(x+ iy) + 4δz
4(x+ iy)3
The integrals of motion satisfy the following relations:
{A1, A2} = {A1, B2} = {A2, B1} = {B1, F} = 0
These relations correspond to the diagram
A1



___ A2



B2 B1



F
(11)
If we put
{A1, B1} = C1, {A2, B2} = C2, {B1, B2} = D, {F,A1} = L, {F,A2} = M
and
C21 = 2F1, C
2
2 = 2F2, M
2 = 2F3
then
F1 = −8(αA
2
2−βHB1+A2(2αβ−B1H)+α(β−2δ)
2−δH2+B21(δ−β)+A1(B
2
1+4αδ))
F2 = 2A
3
2+4βA
2
2−
γ
2
A1+2γB2(β−2δ)+8δB
2
2+
1
2
A2(4γB2−γ
2+4(β−2δ)2+16δA1)
F3 = 2A2B
2
1 − 2FγB1 −
αγ2
2
+ 8F 2δ + 8A2αδ
The full algebra is given by the following relations:
{{A1, B1}, F} = {{A1, F}, B1} = −8B1F − 4αγ
{{A2, B2}, B1} = {{B1, B2}, A2} = 16δF − 2γB1
{{A2, F}, B1} = {{B2, F}, A2} = {B1, {B1, B2}} = 0
{A1, {A1, B1}} =
∂F1
∂B1
= −16(A1 − β + δ)B1 + 8(A2 + 8β)H
{{A1, F}, A2} = {{A2, F}, A1} = 2(4B2 − β)B1 + 8(A2 + β)F
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{{A2, B2}, F} = {{A2, F}, B2} = −2(3A2 + β)B1 + 2γF − 4δH
{A1, {B1, B2}} = {{A1, B1}, B2} = 8B1B2 − 2γB1 + 8(A2 + β)F
{{A1, F}, B2} = {{B2, F}, A1} = −4(A1 − β + δ)B1 + 2(A2 + β)H
{{A2, F}, A2} = −
∂F4
∂F
= 2γB1 − 16δF, {{A2, F}, F} =
∂F4
∂A2
= 2B21 + 8αδ
{{A2, B2}, B2} =
∂F2
∂A2
= 6A22 + 8βA2 + 2γB2 + 8δA1 + 2β
2 + 8δ2 − 8βδ −
γ2
2
{{B1, B2}, F} = −2B
2
1−8αδ, {{B2, F}, B1} = 2B
2
1+8αδ, {{B2, F}, F} = 2B1F+αγ
{{A1, B1}, B1} =
∂F1
∂A1
= −8B21−32αδ, {A2, {A2, B2}} =
∂F2
∂B2
= 2γA2+2γ(β−2δ)+16B2δ
{{B2, F}, B2} = (−2B2+
γ
2
)B1−2(A2+β)F, {{A1, F}, A1} = 2(4B2−γ)H+16(A1+δ−β)F
{{A1, F}, F} = −8F
2+2B1H−12αA2−4αβ, {{B1, B2}, B2} = 6A2B1+2βB1−2Fγ+4Hδ
The second algebra which expand in terms of C1, C2, D with coefficients any linear
combination of integrals A1, A2, B2, B2, F,H
{C1, C2} = 8B1C2 − 8(A2 + β)D, {C1, D} = −8B1D, {C2, D} = −4δC1
The relation between B1, B2, A2, C1, C2, D
B1C2 −
8FδC2
γ
− A2D −Dβ −
C1γ
4
+ 2Dδ +
4A2C1δ
γ
−
8B2Dδ
γ
= 0
• KKM Potential Vv
H = p2x + p
2
y + p
2
z + α(4x
2 + y2 + z2) + βx+
γ
(y + iz)2
+
δ(y − iz)
(y + iz)3
A1 = p
2
x + 4αx
2 + βx, A2 = J
2
1 +
2y(γy + iz(γ − 2δ))
(y + iz)2
B1 = J2pz − J3py +
β
4
(y2 + z2) + x(α(y2 + z2)−
2δy
(y + iz)3
+
δ − γ
(y + iz)2
)
B2 = (pz − ipy)
2 +
δ − α(y + iz)4
(y + iz)2
F = (pz − ipy)(J2 + iJ3)−
1
4
(y + iz)2(4αx+ β)−
δx
(y + iz)2
The indergrals satisfy the equation:
{A1, A2} = {A1, B2} = {A2, B1} = {A2, F} = {B1, F} = 0
11
The corresponding diagram is the same as in the case of the potential KKM VIII see
(11).
{A1, B1} = C1, {A2, B2} = C2, {B1, B2} = D, {F,A1} = L, {F,A2} = M, {F,B2} = N
C21 = 2F1, C
2
2 = 2F2, M
2 = 2F4
F1 = 8(γ(B1(A2+B1−H)−αγ)+δ(−B
2
1+(A2−H
2)+4αγ)−4αδ2−A1(B
2
1+4αδ))
F2 =
1
2
(4A32−8A
2
2H−16αB
2
2+4βHB2−β
2(A1−γ+δ)+4A2(H
2−βB2−4α(A1−γ+δ)))
F3 = 2A2B
2
1 + 2FβB1 − 8F
2α +
β2δ
2
+ 8A2αδ
The full algebra is given by the following relations:
{{A2, B2}, B2} =
∂F2
∂A2
= −8B22 − 32αδ
{{A2, B2}, F} = {{A2, F}, B2} = −8B2F − 4βδ
{A1, {A1, B1}} =
∂F1
∂B1
= −16αB1 − 2β(A1 −H)
{A1, {B1, B2}} = {{A1, B1}, B2} = −16αF + 2βB2
{{B1, F}, A1} = {{A1, F}, B2} = {{B1, B2}, B2} = 0
{{A1, F}, A2} = {{A2, F}, A1} = 8B1B2 + 8(A1 −H)F
{{A2, B2}, B1} = {{B1, B2}, A2} = 8B1B2 + 8(A1 −H)F
{A2, {A2, B2}} =
∂F2
∂B2
= −16(A2 + δ − γ)B2 + 8γ(A1 −H)
{{A1, B1}, F} = {{A1, F}, B1} = −2(3A1 −H)B2 − 2βF + 4αγ
{{A2, F}, B1} = {{B1, F}, A2} = −4A2B2 + 2γA1 + 4(γ − δ)B2 − 2γH
{A1, B1}, B1} =
∂F1
∂A1
= 2H2 + 2(3A1 − 4H)A1 − 8αA2 − 2βB1 + 8α(γ − δ)
{{A2, F}, A2} = 16A2F + 8γB1 + 16(δ − γ)F, {{B1, F}, F} = 2B2F + βδ
{{A1, F}, A1} = −
∂F3
∂F
= 16αF − 2βB2, {{A1, F}, F} =
∂F3
∂A1
= 2B22 + 8αδ
{{B1, B2}, F} = {{B1, F}, B2} = 2B
2
2+8αδ, {{B1, F}, B1} = −2B1B2−2A1F+2FH
{{A2, F}, F} = −8F
2+2γB2+12δA1−4δH, {B1, {B1, B2}} = 2(3A1−H)B2+2βF−4αγ
The second algebra which expand in terms of C1, C2, D with coefficients any linear
combination of integrals A1, A2, B2, B2, F,H
{C1, C2} = −8B2C1 + 8(H −A1)D, {C1, D} = −4αC2, {C2, D} = −8B2D
The relation between A1, B1, B2, C1, C2, D,H, F
B2C1 −
8FαC1
β
+ A1D −DH +
C2β
4
+
4A1C2α
β
+
8B1Dα
β
= 0
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• KKM Potential Viv
H = p2x + p
2
y + p
2
z + α(4x
2 + y2 + z2) + βx+
γ
y2
+
δ
z2
A1 = p
2
x + 4αx
2 + βx, A2 = p
2
y + αy
2 +
γ
y2
, B1 = J2pz + αxz
2 +
βz2
4
−
δx
z2
B2 = J
2
1 +
γz2
y2
+
δy2
z2
, F = pyJ3 − αxy
2 −
βy2
4
+
γx
y2
The above integrals satisfy the relations:
{A1, A2} = {A1, B2} = {A2, B1} = 0
These relations correspond to the diagram:
A1



___ A2



B2 B1
F
(12)
We can define
{A1, B1} = C1, {A2, B2} = C2
and
C21 = 2F1, C
2
2 = 2F2
where
F1 = −8αB
2
1 + 2(A1 + A2 −H)(A1(A1 + A2 −H)− βB1)−
δ
2
(16αA1 + β
2)
F2 = −8(αB2+γA
2
1−2A1H(B2+2γ)+A1(−2γH+A2(B2+2γ))+A
2
2(B2+γ+δ)+γ(H
2−4αδ))
The full parafermionic-like algebra is given by the following relations:
{{B1, F}, A1} = 0
{{B1, B2}, B2} = −8(B1 + F )B2 − 16B1γ − 16Fδ
{{A1, F}, A2} = {{A2, F}, A1} = −16αF − 2βA2
{B1, {B1, B2}} = 2(3A1 + A2 −H)B2 − 8B1F + 4δA2
{{B2, F}, B1} = 2(3A1 +B2 + 2δ)A2 − 8B1F − 2B2H
{A1, {A1, B1}} =
∂F1
∂B1
= −16αB1 − 2β(A1 + A2 −H)
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{A2, {A2, B2}} =
∂F2
∂B2
= −8(A1 + A2 −H)A2 − 16αB2
{{B1, B2}, F} = 2(A2 − 2A1)B2 + 8B1F + 4γ(A1 + A2 −H)
{{A1, B1}, F} = {{A1, F}, B1} = 2(A1 + A2 −H)A2 + 4αB2
{{A1, F}, B2} = {{B2, F}, A1} = 8(A1 + A2 −H)F − 8A2B1
{{A2, B2}, B1} = {{B1, B2}, A2} = 8(A1 + A2 −H)F − 2βB2
{A1, {B1, B2}} = {{A1, B1}, B2} = 8(A1 + A2 −H)F − 8A2B1
{{A2, F}, B1} = {{B1, F}, A2} = −2(A1 + A2 −H)A2 − 4αB2
{{B1, F}, B2} = 2(A1 + 2A2 −H)B2 + 4γ(A1 + A2 −H) + 4δA2
{{A2, B2}, B2} =
∂F2
∂A2
= −8(A1 + 2A2 −H)B2 − 16γ(A1 + A2 −H)− 16δA2
{{A1, B1}, B1} =
∂F1
∂A1
= 2(3A1+4A2− 4H)A1+2(A2− 2H)A2+2H
2− 2βB1− 8αδ
{{B2, F}, A2} = 8(H−A1−A2)F+2βB2, {{A2, F}, B2} = 8(H−A1−A2)F+8A2B1
{{B1, F}, B1} = 2(H−A1−A2)F+
β
2
B2, {{B2, F}, B2} = 8(B1+F )B2+16γB1+16δF
{{A1, F}, F} = 2(A2−2A1)A2+2βF−8αγ, {{A2, F}, F} = −2(A2−A1)A2−2βF+8αγ
{{B1, F}, F} = −2A2B1+
β
2
B2, {{B2, F}, F} = 2(2A1−A2)B2+4γ(H−A1−A2)−8B1F
{{A1, F}, A1} = 16αF+2βA2, {{A2, F}, A2} = 16αF+2βA2, {{A2, B2}, F} = 8A2B1−2βB2
The second algebra which expand in terms of C1, C2, D with coefficients any linear
combination of integrals A1, A2, B2, B2, F,H
{C1, C2} = −8A2C1 + 2βC2 + 16αD
{C1, D} = −8FC1+2(3A1+A2−H)C2−2βD, {C2, D} = 8(B2+2γ)C1+8FC2−8A2D
The relation between C1, C2, A1, B1, B2, F,M
1
4
(4B2 + 4F + 8γ)C1 +
1
4
(−2A1 − 4B1 + 4F )C2+
+
1
4
(4A1 − 4H + β)D +
1
4
(−4B1 + 4B2 + 8δ)M = 0
• KKM Potential Vvi
H = p2x+p
2
y+p
2
z+α(−2(x−iy)
3+4α(x2+y2)+z2)+β(−3(x−iy)2+2(x+iy))+γ(x−iy)+
δ
z2
A1 = (px − ipy)
2 + 4(x− iy)(α(x− iy) + β), A2 = p
2
z + αz
2 +
δ
z2
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B1 = J3(px − ipy)−
− i
4
(
(px + ipy)
2 + i
4
(3αx4 + 4x3(α + β − 3αiy) + 4xy(α(3iy2 + y − 2i))− 3βy)+
+2γix(i+ y)− x2(2α(y(2i+ 9y)− 2) + 4β(3iy − 2) + γ) + y(y − 2i)(3αy2 + 2iy(α+ 2β) + γ)
)
B2 = (J2 + iJ1)pz + z
2(α(x− iy) + β)−
δ(x− iy)
z2
F = (J2+iJ1)
2+z2(3αx2−3αy2+2β−4iy(α+β)+x(4β−6αiy)−γ)+δ((x−iy)2+4iy))
The integrals satisfy the relations
{A1, A2} = {A1, B2} = {A2, B1} = 0
The ”Π shape diagram corresponding to the above relations is given by (12).
{A1, B1} = C1, {A2, B2} = C2
C21 = 2F1, C
2
2 = 2F2
F1 = −2(A
3
1−2γA
2
1+A1(16αiB1−4βA2+4βH+γ
2)−4(−4β2iB1)+(A2−H)(αA2−αH−βγ))
F2 = −8αB
2
2 + 2A2(A1A2 + 4βB2)− 8δ(αA1 + β
2)
{{A1, F}, A1} = 0
{A2, {A2, B2}} =
∂F2
∂B2
= 8A2β − 16B2α
{{B2, F}, A2} = −8(A1 + 2β − γ)B2 + 8βF
{{A2, F}, A2} = −8(A1 + 2β − γ)A2 + 16αF
{{A1, F}, A2} = {{A2, F}, A1} = 64αB2 − 32βA2
{B1, {B1, B2}} = −2A1B2 + 2(γ − 2β)B2 + 2βF
{{A1, F}, B1} = i(8A1A2 + 32αB2 − 16αF − 8γA2)
{{A2, F}, B2} = 8(2A2 + A1 −H)A2 + 8βF − 32αδ
{A1, {B1, B2}} = {{A1, B1}, B2} = i(16αB2 − 8βA2)
{{B1, F}, A1} = i(−16A1A2 − 32(α+ β)B2 + 16βA2)
{{B2, F}, B2} = 8(A1 + 2A2 −H)B2 − 4A1F − 16βδ
{{B1, B2}, B2} = −2i(2A2 −H)A2 + 2βi(2B2 − F ) + 8iαδ
{{B1, F}, F} = −8(2iA2 − 4B1 + 10iB2 − 2iF −H)A2−
−8(4iB2 + iA1 − 8B1 − 4iH)B2
4i(A1 − 2H)F + 8i(2β − γ) + 4i(γ − 2β)F−
−48iδA1 + 16iδ(2α+ 4β + γ)
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{{A2, B2}, F} = 8(2A2 + A1 −H)A2 + 8(A1 + 2β − γ)B2 − 32αδ
{{A1, B1}, F} = i(24A1A2 + 32(α+ β)B2 − 8(2β + γ)A2 − 16αF )
{{A2, B2}, B1} = {{B1, B2}, A2} = i(2A1A2 + 8αB2 − 4αF − 2γA2)
{{A1, F}, B2} = {{B2, F}, A1} = i(8A1A2 + 32αB2 − 16αF − 8γA2)
{{B1, B2}, F} = −4(2iA2 − 4B1 + 2iB2 − iH)A2 + 2i(2B2 − F )A1+
+4i(2β − γ)B2 + 2i(γ − 2β)F + 16iαδ + 16iβδ
{{A1, B1}, B1} =
∂F1
∂A1
= −6A21 + 8γA1 − 32αiB1 + 8βA2 − 8βH − 2γ
2
{{A1, F}, F} = 32(2A2 + A1 −H)A2 + 32A1B2 + 32(2β − γ)B2 − 128αδ
{{A2, F}, F} = 16(4A2 + A1 + 4iB1 + 2B2 − 2H)A2 + (A1 + 2β − γ)F+
−64δ(2α + β)
{{B2, F}, F} = 16(2B2 + A1 + 4A2 + 4iB1 −H)B2 − 8(A1 + 2A2 −H)F+
+48δA1 − 16δ(2β + γ)
{{B1, F}, B2} = −4i(2A2 + 4B2 −H)A2 − 4i(2B2 − F )A1 + 8i(H + β)B2−
−4βiF + 16iδ(α + β)
{{B2, F}, B1} = −8(2B1 + iB2)A2 + 6i(F − 2B2)A1 + 4i(2H + γ)B2 − 2γiF
{{B1, F}, B1} = −8(A1 + A2 −H)B2 + 6A1F + 16iA2B1 + 8βB2 − 2(γ + 2β)F
{{A2, B2}, B2} =
∂F2
∂A2
= 4A1A2 + 8B2β, {A1, {A1, B1}} =
∂F1
∂B1
= −32iβ2 − 32iA1α
{{A2, F}, B1} = {{B1, F}, A2} = i(4A1A2+8A1B2+8(2α+2β−γ)B2−8(α+β)F−4γA2)
The second algebra which expand in terms of C1, C2, D with coefficients any linear
combination of integrals A1, A2, B2, B2, F,H
{C1, C2} = 16αiC2, {C1, D} = 8βC2 − 16αiD, {C2, D} = −2A2C1
There exist an relation between A1, A2, C1, C2, B2, D,H
−i
1
βγ
(βA2 − 2αB2)C1 −
1
βγ
(2αA2 + βA1 − 2αH − βγ)C2 + i
4
βγ
(αA1 + β
2)D = 0
• KKM potential Vvii This potential is somehow exceptional because is the only one,
where the integrals don’t satisfy a ”Π” shape diagram.
H = p2x + p
2
y + p
2
z + (x+ iy)α+ (
3
4
(x+ iy)2 +
z
4
)β+
+((x+ iy)3 +
3
4
z(x+ iy) +
1
16
(x− iy))γ+
+(
5
16
(x+ iy)4 +
3
8
z(x+ iy)2 +
1
16
(x2 + y2 + z2))δ
16
The integrals of motion are given by:
A1 = (px + ipy)
2 +
1
16
(x+ iy)(2γ + δ(x+ iy))
A2 = pz(px+ipy)+
1
16
(2βiy−3γy2+γz+δx3−δiy3+δiyz+3x2γ(1+iδ)+x(2β+6γiy−3δy2+δz))
B1 = J2pz − J3py + i(J3px − J1pz)−
i
2
pypz + 1
64
(−8δx5 − 8(3γ + 5iyδ)x4−
−4 (−20δy2 + 24iγy + 4β + zδ) x3 + (80iδy3 + 144γy2 − 2i(24β + 6zδ + δ)y − 16α+ γ) x2+
+ (−40δy4 + 96iγy3 + 4(12β + 3zδ + δ)y2 − 2i(16α+ 3γ)y + 4z(2β + zδ)) x− 24y4γ+
+y2(16α+ 7γ) + z(16α + (8z − 1)γ)− 8iy5δ + 2iy(2z − 1)(2β + zδ) + 2iy3(8β + 2zδ + δ))
B2 = i
(
J3pz + iJ1py + iJ2px +
i
4
pz2 − 1
64
i(x2 + 2iyx− y2 − z)
(3δx2 + 8γx+ 6iyδx+ 4β + 8iyγ − 3y2δ + zδ)
)
F = 1
4
(
4J21 + 8i(J2 − px)J1 − 4J
2
2 + p
2
y + 4J2(px − ipy) + pz(pz − 12iJ3)
)
+
+ 1
64
((16z − 3)δx4 + 8(6z − 1)γx3 + 2(2(8z − 1)β + z(6z + 1)δ)x2+
+2z(16α+ (8z + 3)γ)x+ y4(16z + 5)δ + z(4β + zδ)−
−4iy3(4(3zγ + γ) + x(16z + 3)δ)− y2(6(16z + 1)δx2+
+24(6z + 1)γx+ 4(8z + 3)β + (6z(2z + 1)− 1)δ)+
+iy(4(16z − 1)δx3 + 144zγx2 + 8(8zβ + β + z(3z + 1)δ)x+
+16(2zα+ α) + (2z(8z + 7)− 1)γ))
This system satisfy the relations
{A1, A2} = {A1, B2} = {B1, F} = 0
and the corresponding diagram is
A1



___ A2
B2 B1



F
(13)
The next relations correspond to the above diagram
{A2, B2} = C2, C
2
2 = 2F2
F2 =
1
2
A31 +
β
16
A21 +
β2
512
A1 −
γ
32
A1A2 −
βγ
512
A2 −
γ2
512
B2 −
δ
32
A1B2 −
δ
128
A22
The full algebra is given by the following relations:
{{B1, A2}, B2} =
1
8
(16A1 + β)A1 −
γ
16
A2
17
{A1, {A1, B2}} = {A1, {A1, B1}} = {{A1, F}, B2} = 0
{{F,B2}, A2} =
1
8
(16A1 − β)A2 +
α
2
A1 −
3γ
8
B2 −
γ
32
H
{{A1, F}, B2} = {{B2, F}, A1} =
1
4
(16A1 + β)A1 −
γ
8
A2
{{F,A1}, A2} = {{F,A2}, A1} = −
γ
128
(16A1 + β)−
δ
16
A2
{{B1, B2}, A1} = {B2, {A1, B1}} = −
γ
16
A1 −
δ
32
A2 −
βγ
256
{{F,B2}, B2} = −4A
2
2 −
1
64
(16α− γ)A2 − 8A1B2 +
γ
16
B1
{{F,A1}, A1} = −
δ
8
A1 −
γ2
128
, {{F,B1}, A1} =
γ
8
A1 +
δ
16
A2 +
βγ
128
{{F,A1}, B1} =
1
32
(384A1+8β+δ)A2+
1
32
(48α+γ)A1−
γ
4
B2+
δ
16
B1−
γ
16
H+
βγ
512
+
αβ
32
{{A2, B2}, B2} =
∂F2
∂A2
= −
γ
32
A1−
δ
64
A2−
βγ
512
, {A2, {A2, B2}} =
∂F2
∂B2
= −
δ
32
A1−
γ2
512
{{B1, A2}, A2} =
γ
16
A1+
δ
32
A2+
βγ
256
, {{B1, A2}, A1} = {A2, {A1, B1}} =
δ
16
A1+
γ2
256
{{A2, B2}, B1} = −
1
128
(384A1+32β+δ)A1+
3δ
32
B2+
γ
8
A2+
δ
128
H−
1
2048
(8β2+γ2)+
αγ
128
{{B1, B2}, A2} = −
1
128
(128A1+16β+δ)A1+
3δ
32
B2+
γ
16
A2+
δ
128
H−
1
2048
(8β2+γ2)+
αγ
128
{{A1, B1}, F} = −
1
32
(384A1+8β+δ)A2−
1
32
(48α+γ)A1+
γ
4
B2−
δ
16
B1+
γ
16
H−
βγ
512
−
αβ
32
{F, {B1, A2}} = −
1
128
(384A1 + 512B2 + 128H + δ − 24β)A1 −
1
128
(8F +H)−
−
1
32
(8β + 96δ)B2 +
β
16
H −
1
32
(256A2 + 48α + 96γ)A2−
−
1
4096
(γ2 − 256α2)
{{F,A2}, B1} = −
1
128
(A1 + 512B2 + 128H + δ + 8β)A1 +
1
32
(256A2 + 48α+ γ)A2
−
1
32
(8β + δ)B2 −
1
128
(8β − δ)H −
δ
16
F
{F, {B2, A2}} =
1
64
(384A1+8β+δ)A2+
1
64
(48α+γ)A1−
γ
8
B2+
δ
32
B1−
γ
32
H+
βγ
1024
+
αβ
64
{{F,A2}, B2} = −
1
64
(256A1+16β+δ)A2−
1
64
(16α+γ)A1−
γ
4
B2−
δ
32
B1−
βγ
1024
−
αβ
64
18
{F, {B1, B2}} = −{{F,B2}, B1} = −
1
128
(256B1 − 16α+ γ)A1 −
γ
8
F −
β
8
B1−
−
1
128
(128A2 − γ + 12α)H −
1
32
(384A2 + 48α+ 5γ)B2
{F, {F,B2}} = −
1
32
(32A1 + 320B2 + 384F − 48H + β)A1 −
β
4
F −
1
32
(16α + γ)B1
−
1
8
(192B2 + 64H + β)B2 −
1
2
H2 +
β
32
H
{F, {F,A1}} = −
1
64
(128A1 + 512B2 + 128H + 8β + δ)A1 +
1
64
(δ − 8β)H −
δ
8
F
+
1
16
(256A2 + 48α+ γ)A2 −
1
16
(8β + δ)B2 +
1
2048
(256α2 − γ2)
{{A1, B1}, B1} =
1
64
(384A1+32β+δ)A1−
γ
4
A2−
3δ
16
B2−
δ
64
H+
1
1024
(8β2+γ2)−
αγ
64
{B1, {B1, A2}} =
1
64
(384A1+8β+δ)A2+
1
64
(γ+48α)A1−
γ
8
B2−
γ
32
H+
δ
32
B1+
αβ
64
+
βγ
1024
{B1, {B1, B2}} = −
1
32
(32A1 − 64B2 − 16H + 3β)A1 −
1
62
(256A2 + 48α− 3γ)A2
+
β
8
B2 +
β
32
H +
δ
32
F −
1
8192
(256α2 + 16β2 + γ2) +
αγ
256
{{B1, B2}, B2} = −
1
128
(256A2 + 16α+ γ)A1 −
β
8
A2 −
γ
8
B2 −
δ
64
B1 +
βγ
2048
−
αβ
128
{F, {F,A2}} = −
1
64
(384A1 + 1536B2 + 128H + 16β + δ)A2 +
1
64
(3γ − 16α)H−
−γ
4
F −−
1
32
(128B1 + 16α + γ)A1 −
1
32
(8β + δ)B1−
− 1
16
(48α + 3γ)B2 −
βγ
1024
−−
αβ
64
{{F,A2}, A2} = −
1
64
(128A1 + 32β − δ)A1 +
γ
8
A2+
+ 3δ
16
B2 +
δ
64
H − 1
1024
(8β2 − γ2) + αγ
64
The second algebra which expand in terms of C1, C2, D, L with coefficients any linear
combination of integrals A1, A2, B2, H
{C1, C2} = 0, {C1, D} = −
γ
8
C2 −
δ
64
L, {C2, D} =
γ
16
C2 +
δ
128
L
{C1, L} = −
δ
8
C2 , {C2, L} =
δ
16
C2
19
{D,L} =
(
−
A1δ
2
2(16α− γ)γ
+
2B2δ
2
(16α− γ)γ
+
Hδ2
2(16α− γ)γ
+
4A2δ
16α− γ
+
4A1βδ
(16α− γ)γ
−
−
16B2βδ
(16α− γ)γ
−
4Hβδ
(16α− γ)γ
−
4A1γ
16α− γ
+
64A1α
16α− γ
−
32A2β
16α− γ
)
C2+
(
−
2A1δ
2
(16α− γ)γ
−
γδ
16(16α− γ)
−
αδ
16α− γ
+
16A1βδ
(16α− γ)γ
+
βγ
16α− γ
)
D+
+
(
−
β2
2(16α− γ)
+
δβ
16(16α− γ)
−
4A2δβ
(16α− γ)γ
−
−
8A1β
16α− γ
−
γ2
16(16α− γ)
+ +
A2δ
2
2(16α− γ)γ
++
αγ
16α− γ
+
A1δ
16α− γ
)
L
The relation between C1, C2 is:
C1 + 2C2 = 0
5 Conclusions
The three dimensional non degenerate systems of Kalnins, Kress and Miller [1] satisfy
a parafermionic like quadratic Poisson algebra. All the algebras have at least a two-
dimensional like parafermionic quadratic Poisson subalgebra. All the systems with one
exception the have at least two subalgebras forming a special ”Π” structure. Each subal-
gebra coreesponds to classical superintegrable system possessing two Hamiltonians.
There is no results yet about the quantum superintegrable systems as also a a compact
general classification theory for three dimentional superintegrable potentials. The structure
of the corresponding Poisson algebras for the degenarate systems is under investigation.
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